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Cold and warm swelling of hydrophobic polymers

Paolo De Los Rios1 and Guido Caldarelli2

1Institut de Physique The´orique, Universite´ de Lausanne, 1015 Lausanne, Switzerland
2INFM Sezione di Roma 1, Dipartimento di Fisica, Universita` La Sapienza, Piazzale Aldo Moro 2, 00185 Roma, Italy

~Received 12 October 2000; published 20 February 2001!

We introduce a polymer model where the transition from swollen to compact configurations is due to
interactions between the monomers and the solvent. These interactions are the origin of the effective attractive
interactions between hydrophobic amino acids in proteins. We find that in the low and high temperature phases
polymers are swollen, and there is an intermediate phase where the most favorable configurations are compact.
We argue that such a model captures in a single framework both the cold and the warm denaturation experi-
mentally detected for thermosensitive polymers and for proteins.
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Modeling polymers and polymer collapse, beyond bein
challenge of great theoretical interest, is extremely import
for many different applications@1#. In particular, in connec-
tion with the protein folding problem, the collapse of pol
mers has gained a special status in statistical physics@2#.
Existing models of proteins are based on the golden rule
the driving force of protein folding and of protein stability
hydrophobicity@2,3#: it has been observed that most of t
hydrophobic amino acids of globular proteins in their nat
conformation are sheltered in the core, hidden from water
a shell of polar amino acids. Such behavior is consistent w
the well known general tendency of hydrophobic molecu
in water to aggregate to reduce as much as possible
contact surface with water.

Usually, hydrophobicity is modeled through attractive e
fective interactions between hydrophobic molecules, wh
are a reminder of the free energy difference between so
and aggregate states. The latters are more stable and
therefore characterized by a lower free energy that can
ascribed to an effective attraction between molecules~aver-
aging over the water degrees of freedom!. The phase diagram
of polymers with attractive monomer-monomer interactio
has been extensively reported in the literature~see@1# Chap.
8, and references therein!, with a high temperature phas
where polymers are swollen, well described as self-avoid
walks~SAWs!, and a low temperature phase where polym
are compact. Yet it is known from experiments that the f
energy differenceDF between solute and aggregate states
hydrophobic molecules is not a monotonically increas
function as temperature is lowered. Instead,DF reaches a
maximum at some temperatureTm below which it begins to
decrease@4,5#. A clear example of this behavior is repre
sented by thermosensitive polymers, such as p
(N-isopropylacrylamide! ~used in hydrogels!, which are
swollen at low temperatures and collapse on heating@6#.
Such a behavior is also typical of globular proteins, which
some cases have even been seen to denature at low tem
tures ~cold denaturation! @7#. This rich phenomenology is
clearly incompatible with the simple modeling of hydroph
bicity as an attractive interaction, but points to the compl
ity of the physics of water around hydrophobic molecules

Recently, some new understanding of hydrophobic
both at an effective and at a molecular level is emerg
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~although the main ideas date back even to 1945@8#!. Water
around hydrophobic molecules can organize in so ca
clathrate structures: icelike cages that are energetically fa
able with respect to bulk liquid water because of an increa
degree of hydrogen bonding. Since there are a few orde
cage configurations, an entropy loss is associated with th
Water molecules can be in disordered configurations as w
with a reversed entropic and energetic balance with res
to the cage configurations. At an effective level this behav
has been captured by Muller and by Lee and Grazia
~MLG! with a bimodal description of the energy of water
the shell around hydrophobic molecules@9,10#. The MLG
model is better described pictorially@see Fig. 1~a!#. It is char-
acterized by eight parameters~namely, the four energies
Eob ,Edb ,Eos ,Eds , and the four degeneration
qob ,qdb ,qos ,qds) that can be obtained phenomenological
by fitting the model to experimental data~actually, it is pos-
sible to choose one energy and one degeneration as r
ences, so that the true number of parameters can be red

FIG. 1. Bimodal effective models. Panel~a!: MLG model, with
bimodal energy distributions for both bulk and shell water m
ecules. The lower levels represent ordered groups of water m
ecules, the higher levels disordered ones. The order of energies
of degeneracies, as obtained from experiments, isEds.Edb.Eob

.Eos and qds.qdb.qob.qos (ds5disordered shell,os5ordered
shell, db5disordered bulk,ob5ordered bulk!. Panel~b!: the sim-
plified bimodal energy distribution, with just three free paramete
©2001 The American Physical Society02-1
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to six!. Interestingly, such a bimodal description was a
derived from a molecular model of water by Silverste
Haymet, and Dill@11#. From a theoretical model point o
view, the MLG model has too many free parameters. W
out loss of generality, we reduce the number of paramete
three (J, K, and q), using the model shown in Fig. 1~b!,
where there is no longer a gap between the bulk states
both bulk and shell water molecules are characterized b
single degeneration parameterq.

Recently some models trying to describe cold dena
ation have been proposed, and indeed the solvent has
taken into account somehow@12#; yet in such models mono
mers do not appear explicitly, rather they are described
set of hierarchical variables. Here we model the polym
conformations as self-avoiding walks on a lattice. All mon
mers are hydrophobic. On every lattice site~except those
occupied by the polymer! there is a Potts variable withq
states~labeled for convenience from 0 toq21), representing
a group of water molecules inq different collective states
We associate the states50 with the cage configuration, en
ergetically favorable when water is in contact with the po
mer, and the remainings51, . . . ,q21 states with disor-
dered, unfavorable, configurations. The Hamiltonian of
system is

H5 (
^ j ,H&

@2Jdsj ,0
1K~12dsj ,0

!#. ~1!

The sum runs over the water sites that are nearest neigh
of some hydrophobic~H! monomer. There are no monome
monomer interactions.

Starting from Eq.~1! we can write the partition function
of the system asZN5(CZN(C), whereZN(C) is the parti-
tion function associated with a single configurationC. It is
important to observe that the maximum number of wa
sites in contact with the polymer isM52(d21)N12 for a
hypercubic lattice ind dimensions. For a general polyme
configuration, instead, the number of contacts is smaller t
M. Nonetheless, all of theseM water sites must be taken int
account in order to give the correct weight to all t
ZN(C)’s. It is then possible to write a fairly simple expre
sion for the configuration partition function:

ZN~C!5qn0(C)@~q21!e2bK1ebJ#n1(C), ~2!

wheren0(C) is the number of bulk water sites andn1(C) is
the number of shell water sites~shell meaning in contac
with a monomer!; z is the coordination number of the lattice
As usual,b51/kBT and we takekB51.

We analyze the thermodynamic behavior of the system
d52 by means of exact enumeration techniques on
square lattice for polymers of length up toN525 monomers
~corresponding to 5 768 299 665 distinct configurations!. A
finite-size scaling analysis is difficult for such short chain
yet it is possible to classify the polymer configurations a
cording ton1 ~the perimeter!: for SAWs ofN monomers, the
fraction of configurations of perimetern1 is well approxi-
mated by a Poisson distribution of the form
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PN~n1!;e2d(N21)
@d~N21!#2N122n1

~2N122n1!!
~3!

with d;0.75. Analogous results are not new in SAW phy
ics: a Poisson distribution of the SAW configurations as
function of the number of monomer-monomer contacts w
already found in@13# ~and indeed the perimetern1 and num-
ber of monomer-monomer contacts are somehow rela
since each monomer-monomer contact reduces the perim
by two units!. The smallest allowed value ofn1 in Eq. ~3! is
of the order ofn1,min;2ApAN, assuming that the smalles
perimeter is attained by compact circular configurations. U
ing Eq. ~3! we have been able to extend our study up toN
;100, so that a proper finite-size scaling analysis is poss
@14#.

We calculated the specific heat of the system asCv
5dU/dT, whereU is the internal energy of the system. W
show the results forK/J52 andq51000 ~both K and the
temperature can be normalized with respect toJ). The be-
havior of the system does not change much for differentK/J
ratios and values ofq. First, we checked that the specific he
for a polymer ofN525 monomers does not change signi
cantly using either the exact enumeration data, or the Pois
distribution Eq.~3! ~see the inset of Fig. 2!. We are therefore
confident that Eq.~3! captures the correct physics of th
problem, and in Fig. 2 we show the heat capacity forN
525,50,100, and the number of water sites that are no
contact with the polymer~we recall that their maximum
number is 2N12). Three peaks of the specific heat appe
The one at low temperature corresponds to an increase o
number of ‘‘free’’ water sites: correspondingly, we identif
it with a collapse transition, where the polymer goes from
stretched configuration to a compact one, reducing its per
eter. As can be seen from Fig. 3~a! the low temperature pea

FIG. 2. Heat capacity for polymer lengthsN525,50,100 using
the extrapolated Poisson distribution. HereK/J52 and q51000.
The dashed line represents the average number of water sites
are not in contact with the polymer. In the inset, we plot the h
capacity forN525 from exact enumeration~solid line! and using
the Poisson distribution~dashed line!.
2-2
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COLD AND WARM SWELLING OF HYDROPHOBIC POLYMERS PHYSICAL REVIEW E63 031802
grows as fast as or even faster thanN, a clear indication of its
phase transition nature. The intermediate peak, inst
scales asAN @see Fig. 3~b!#: it disappears in the thermody
namic limit. Moreover, it is easily seen@see the dotted line in
Fig. 3b!# that it corresponds to the specific heat peak of
single perimeter water site: the peak height is proportiona
AN because it is proportional to the perimeter of the c
lapsed polymer. The polymer reopens at the third peak of
heat capacity, and the height of this peak grows faster thaN
@see Fig. 3~c!#: we believe that this transition corresponds
the usualu-model transition of self-interacting polymers~a
true grand-canonical treatment of the present model is un
study! @1#.

A further important test for the model introduced here i
~rough! determination ofDF, the free energy difference be
tween swollen and compact states of the polymer. Actua
the definitions of compact and swollen states are poor, so
make a simplifying assumption: compact states are descr
by Hamiltonian walks~HW; Hamiltonian walks pass throug
all the sites of the lattice! and swollen states by SAWs
Moreover, we assume that the typical partition function
SAWs is given by Eq.~2! with an average number of wate
polymer contactsñ1;1.2N as obtained from exact enumer
tion, and that the number of water sites in contact with a H
of N monomers is proportional toAN, the perimeter of com-
pact conformations. With these approximations, we can w
the free energies per monomer for both HWs and SAWs
the thermodynamic limit@which suppresses the perimet
term; see also the finite-size scaling discussion above
Fig. 3~b!# as

FIG. 3. ~a! Specific heat for the low temperature peak of Fig.
the peak height is slightly diverging asN increases, suggesting
first order, or weak second order, transition.~b! Collapse of the
intermediate temperature heat capacity peak in Fig. 2: the pro
tionality to AN is evident, as well as the proportionality to th
single perimeter site specific heat.~c! Monomer specific heat for the
high temperature peak in Fig. 2: the peak height is diverging
increasingN, suggesting a second order phase transition, as fo
for the u-point model. The symbols are as in Fig. 2.
03180
d,

e
o
-
e

er

,
e

ed

r

e
n

nd

f HW522T ln q2T ln mHW ,
~4!

f SAW52Tñ1ln@~q21!e2bK1ebJ#

2T~22ñ1!ln q2T ln mSAW,

from which the free energy difference follows as

D f 5 f SAW2 f HW522Tñ1lnS ~q21!e2bK1ebJ

q D
2T ln

mSAW

mHW
, ~5!

wheremSAW;2.63 andmHW;1.47 are the connecting con
stants of SAWs and HWs on the square lattice, obtain
from exact enumerations and mean-field treatments, res
tively ~the number of SAW and HW configurations of leng
N scales asmSAW

N andmHW
N , respectively! @1#. From Eq.~5!

we can also derive the denaturation enthalpyDh and entropy
Ds. They are shown in Fig. 4. As can be seen,D f is negative
at both low and high temperatures, consistent with cold a
warm denaturation. The full behaviors ofDh andTDs quali-
tatively reproduced in Fig. 4 are typical of the calorimetry
hydrophobic molecules and proteins.

As we already recalled, the hydrophobic interaction
usually modeled through an effective attractive interacti
giving raise to the well-knownu model. In this way the
solvent degrees of freedom can be traced out. Here we s
that the Hamiltonian~1! and the corresponding configuratio
partition function~2! give rise to an effective interaction tha
is close to, yet not identical to, a monomer-monomer int
action. Indeed, assuming that the configuration partit
function Z(C) is given by a Boltzmann weigh
exp@2bEef f(C)#, we can write

:

r-

r
d

FIG. 4. Free energy, enthalpy, and entropy of unfolding fro
Eq. ~4!. We have chosenq51000 and the connective constan
mSAW and mHW for a two-dimensional square lattice@1#, andK/J
52. The effective energy per ‘‘free’’ water site is also shown.
2-3
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Ee f f~C!52
1

b
ln Z~C!5

1

b
lnF S 12

1

qDe2bK1
1

q
ebJGn0~C!,

~6!

where we used the relationn15M2n0; a further contribu-
tion to Eq. ~6!, independent of the configuration, has be
omitted. The effective energyEe f f(C) ~represented by the
dotted line in Fig. 4! is therefore proportional to the numbe
n0 of water sites that do not touch the polymer. In turn,n0 is
related to the number of monomer-monomer contacts: ev
monomer-monomer contact contributes two units ofn0; yet
other factors, such as turns and kinks, contribute ton0. The
present model is thus close yet not equivalent to au model
with a temperature dependent monomer-monomer inte
tion. Recently Trovatoet al. @15# introduced a model where
the hydrophilicity/hydrophobicity of the monomers is an a
nealed variable~hence their effective mutual interaction
temperature dependent!, finding results similar to the ones o
this work, although without any reference to the microsco
physics of the water-monomer system. From Fig. 4 it is cl
that at high temperature the effective energy is negat
mimicking an attractivehydrophobicinteraction, but at low
temperatures it becomes positive: it results in an effec
repulsive interaction leading to cold denaturation. Indeed
temperature dependent effective interaction, with a beha
similar to that depicted in Fig. 4, could be introduced direc
from the beginning, reproducing cold denaturation.
course, a model with some explicit or semiexplicit descr
tion of the solvent degrees of freedom has the advantage
effective interactions can be directly calculated so that
temperature dependence of the effective parameters h
sounder basis. Actually, the definition of effective intera
tions is limited not only by their temperature dependen
but also by their context dependence: the energy of th
monomer configurations is not, in general, the sum of th
two-monomer interactions. These effects emerge from
model even if it is not the best arena to work out their deta
molecular simulations of water-solute systems have b
carried out@16#, showing indeed the presence of nontriv
many-body effects. For proteins, the context dependenc
.
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even more dramatic, due to the many different amino a
species, both polar and nonpolar, large and small.

In conclusion, we have introduced a model Hamiltoni
for the collapse of a polymer interacting with the solvent, b
without explicit monomer-monomer interactions. Such
model mimics~in an extremely simplified way! the behavior
of hydrophobic polymers in water: as a result we find t
presence of both cold and warm denaturation temperatu
as experimentally found for some proteins@7# and for some
broadly used thermosensitive homopolymers such as p
(N-isopropylacrylamide! @6#, and we reproduce the know
calorimetric behavior of these systems. The model tries
capture some of the essential physics of the wa
hydrophobic molecule interaction at a microscopic level, a
it is close ~yet not exactly equivalent! to a u model with a
temperature dependent monomer-monomer interaction.

We are presently working on larger Monte Carlo simu
tions of this model for longer polymers, for a full assessm
of the phase diagram of the model. We are also conside
slight modifications of this prototype model to take into a
count a better description of the water degrees of freed
and of their energetics. In particular, a full introduction
the MLG model would be welcome~and preliminary results
show consistency of the results using both models rep
sented in Fig. 1!. Yet it is important to stress the goal of th
model, which is not a detailed, quantitative reproduction
the phase diagram of hydrophobic polymers, but rather
propose a way of modeling hydrophobic polymers in so
tion that is able to reproducequalitatively the known calori-
metric data. We are also working on applications of simi
approaches to protein models, finding results in agreem
with protein calorimetry@17#.
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